Psammophilous plants are special plants that flourish in sand moving environments. There are two main mechanisms by which the wind affects these plants: (i) sand drift exposes roots and covers branches-the exposed roots turn into new plants and the covered branches turn into new roots; both mechanisms result in an enhanced growth rate of the psammophilous plant cover of the dunes; (ii) strong winds, often associated with sand movement, tear branches and seed them in nearby locations, resulting in new plants and an enhanced growth rate of the psammophilous plant cover of the dunes. Despite their important role in dune dynamics, to our knowledge, psammophilous plants have never been incorporated into mathematical models of sand dunes. Here, we attempt to model the effects of these plants on sand dune dynamics. We construct a set of three ordinary differential equations for the fractions of surface cover of regular vegetation, biogenic soil crust and psammophilous plants. The latter reach their optimal growth under (i) specific sand drift or (ii) specific wind power. We show that psammophilous plants enrich the sand dune dynamics. Depending on the climatological conditions, it is possible to obtain one, two, or three steady dune states. The activity of the dunes can be associated with the surface cover-bare dunes are active, and dunes with significant cover of vegetation, biogenic soil crust, or psammophilous plants are fixed. Our model shows that under suitable precipitation rates and wind power, the dynamics of the different cover types is in accordance with the common view that dunes are initially stabilized by psammophilous plants that reduce sand activity, thus enhancing the growth of regular vegetation that eventually dominates the cover of the dunes and determines their activity.
I. INTRODUCTION
following interactions of these plants with sand drift: i) exposure of roots due to sand movement; some of these plants can grow leaves on the exposed roots, thereby increasing their photosynthesis and their growth rates; ii) burial of branches by the windblown sand; some of these plants are able to use the buried branches as roots, thereby enhancing the growth rate of aboveground biomass without changing the root:shoot ratio; iii) tearing of branches/leaves by the wind and their burial by the sand; in some of these plants, this is a mechanism that enhances the clonal growth through the development of new plants from the buried branches. These interactions may be divided into two groups: interactions (i) and (ii) whose rate of occurrence and efficiency are determined by the actual sand drift (hereafter, we will refer to this group as mechanism I), and interaction (iii) whose rate and efficiency are determined by the wind drift potential (hereafter, mechanism II). We note that this is an oversimplified classification of the interactions of psammophilous plants with the wind and the sand drift.
Psammophilous plants play an important role in dune stabilization. Due to their adaptation to sand moving environments, they are the first to develop (under suitable environmental conditions) in bare and active sand dunes [28] . Once sufficiently dense psammophilous plant cover is established, the sand movement is reduced accordingly, enabling the development of vegetation and BSC. This development further reduces the sand activity, suppressing the growth of psammophilous plants, and further enhancing the growth of vegetation and BSC. This process may continue until the dunes become fixed and reach a steady state associated with the environmental conditions. Despite their important role in dune stabilization, to our knowledge, psammophilous plants have never been incorporated into mathematical models of sand dunes.
The major goal of this study is to investigate the dynamics of psammophilous plants on sand dunes when coupled to vegetation and BSC dynamics. The model suggested below is a natural by the dune cover. The modeling of mechanism I yielded a richer bifurcation diagram (steady states map) compared to the modeling of mechanism II. Both modeling approaches show that for some climatic conditions (a region in the drift potential and precipitation rate parameter space), the psammophilous plants act as pioneers in colonizing sand dunes, followed by vegetation and/or BSC that dominates the sand dune cover toward its stabilization. This dynamics is in agreement with the scenario suggested by [28] .
II. THE MODEL
Our model for psammophilous plants (coupled to vegetation and BSC) follows previously suggested mean field models [23] [24] [25] for the dynamics of vegetation and BSC cover of sand dunes.
The dynamical variables in our model are the fractions of regular vegetation cover, v, BSC cover, b, and psammophilous plant cover, v p , where v p is a new variable added to the model described in [25] .
The effects considered in the previous models [23] [24] [25] , as well as in this model, may be divided into three categories: effects that are not related to the wind, effects that are directly related to the wind, and effects that are indirectly related to the wind (representing aeolian effects). The effects that are not related to the wind include the growth and mortality of the different cover types. We assume a logistic type growth [29] . The natural growth rate, α j (p) (j stands for the cover type, either b, v or v p ), depends on the precipitation rate, p; for simplicity and consistency with previous works, we adopt the form of [23] [24] [25] [26] ,
α max j is the maximal growth rate of the j'th cover type. This maximal growth rate is achieved when the precipitation rate, p, is high enough not to be a growth limiting factor and when the other climatic conditions are optimal. In addition, we consider the spontaneous growth of the cover types (growth occurring even in bare dunes) due to effects not modeled here, such as the soil seed bank, underground roots and seed dispersal by the wind and animals. These effects are characterized by spontaneous growth rates, η j . The wind-independent mortality is accounted for by an effective mortality rate for each cover type, µ j .
In modeling the direct and indirect effects of the wind, we use the wind drift potential, D p , as a measure of the wind power [15] ; D p is linearly proportional to the sand drift.The wind drift potential is defined as
where U is the wind speed (at 10m height above the ground) measured in knots (1knot = 0.514m/s), U t = 12knots is the threshold wind speed necessary for sand transport, and the · denotes a time average. When the wind speed, U, is measured in knots, D p , is measured in vector units, V U. D p provides only the potential value of sand drift; in the case of unidirectional wind, it coincides with the resultant wind drift potential (RDP), which also takes into account the wind direction. Here, we assume that the winds are unidirectional and use D p instead of RDP.
Two important, direct and indirect, wind effects are considered in our model. The direct damage/mortality by the wind is proportional to the square of the wind speed (which is proportional to the wind stress). For simplicity, and in order to minimize the number of the parameters in the model, we assume that the direct damage by the wind is proportional to D
2/3
p . The indirect wind effect is the movement of windblown sandthat is, sand drift. The sand drift is equal to the drift potential multiplied by the amount of sand multiplied by a function, g(v, v p ), which accounts for the sand-drift shading by the vegetation [30, 31] . The sand-drift shading function is assumed to be a step-like function that, above some critical value of the vegetation cover, v c , drops to zero, while for values of the vegetation cover much lower than v c , it obtains its maximal value, 1 [30] . For simplicity, it is assumed that g(v, v p ) is a function of the difference between the actual fraction of vegetation cover, v + v p , and the critical value v c . In the previous models [23] [24] [25] [26] , the sand drift was considered as a damaging effect, increasing the mortality of regular vegetation and BSC due to root exposure and aboveground biomass burial by the sand.
Here, we focus on the role of psammophilous plants, and therefore, we consider their cover fraction, v p , as an additional dynamical variable with a unique interaction with the sand drift.
The psammophilous plants reach their maximal growth rate under optimal sand drift [28] , providing them with the necessary rate of sand cover and/or exposure and branch/leaf seeding (the two mechanisms described in the introduction). These unusual optimal conditions yield a different dynamics of psammophilous plants. This dynamics, when coupled with the dynamics of the regular vegetation and BSC, leads to interesting and complex bifurcation diagrams (steady states) of the sand dunes and their cover types. The complete set of equations describing the dynamics of the sand dune cover types is:
We introduce the following notations: s is the fraction of bare sand
The sand drift, D, is defined as:
The sand drift shading function is defined as:
where the parameter d determines the sharpness of the transition from total sand-drift shading to its absence.
The effect of sand drift on psammophilous plants is different than its effect on the other types of sand cover. Here, we consider two different options of modeling this unique interaction of psammophilous plants with sand drift, mechanisms I and II which were explained above. These two mechanisms are modeled using different forms of the function
In the first approach (mechanism I), only the sand drift is assumed to affect the dynamics of
Away from the optimal sand drift conditions, Q (D) is larger than zero and hence introduces a mortality term due to the non-optimal sand drift conditions. This form of the function Q (D) reflects the fact that the maximal growth rate, α max vp , is assumed to be under optimal sand drift conditions. We thus used the following form of Q (D)
This choice of the function reflects the behavior described above. Other choices of the function on this specific, rather simple, choice. It is important to note that this form of the function ensures that v p is never high enough (compared to v c ) to create a total sand-drift shading (this would result in a vanishing sand drift and therefore, in far from optimal conditions).
The second approach to model the enhanced growth of psammophilous plants under sand drift conditions (mechanism II) is simpler and assumes that the optimal growth conditions are achieved under an optimal wind drift potential rather than under optimal sand drift conditions. Therefore,
The parameter ρ > 1 and is set to ensure that the maximal value of v p won't exceed v c . Note that the model setup can be obtained from [23] [24] [25] [26] . Note that for simplicity, we do not include direct competition terms between the different models variables, unlike [25] . Below, we present results
for different values of D p , p and µ b .
III. RESULTS
We started our model analysis by studying the number of physical solutions (0 < v, v p , b < 1) for given wind conditions characterized by D p , and precipitation rate, p; these are the two main climatic factors that affect sand dune dynamics. We found that the number of physical solutions strongly depends on the maximal value of the BSC cover, which is determined by the BSC mortality rate, µ b , and the other parameters. In is qualitatively the same as the one presented in Fig. 1(d) . Similar behavior is obtained when considering only vegetation [24] and when considering BSC in addition to regular vegetation [25] .
To better understand the complex steady state phase space, we present in Fig. 2 the bifurcation diagrams, as predicted by model I, against the drift potential. These bifurcation diagrams show cross-sections along the vertical dashed lines in Fig. 1(c) . The two columns correspond to two values of the precipitation rate. The different rows correspond to the different cover type fractions. second range in which the dunes may be exposed or partially covered (v t ∼ v c ). In between the two bi-stability ranges, there is a range of D p for which we have tri-stability. Namely, the dunes may be exposed, densely covered or partially covered. For the smaller precipitation rate, p = 100, the tri-stability range disappears. The value of the BSC mortality was set equal to the value used in Fig. 1(c) to capture the more complicated bifurcation diagrams.
To complete the picture of the bifurcation diagrams, as predicted by model I, we show in Fig.   3 the bifurcation diagrams against the precipitation rate for a fixed value of the drift potential (D p = 500, set to ensure that all of the five physical solutions are captured). These diagrams correspond to a cross-section along the dashed horizontal line in Fig. 1(c) . In these diagrams, one can see the onset of bi-stability, followed by the onset of tri-stability which later on disappears as the precipitation rate increases. two values of the precipitation rate, p = 100 and p = 300. The bifurcation diagrams are taken along cross-sections corresponding to the dashed vertical lines in Fig. 1(d) . For both values of the precipitation rate, there is only one bi-stability range. However, its width, shape and location (in the parameter space) are affected by the value of p. A significant difference between model II and model I is the lack in the former of a steady state corresponding to partially covered dunes
Bifurcation diagrams versus the precipitation rate as predicted by model II are presented in Fig. 5 . The drift potential was set to the optimal value for psammophilous plants according to this model, D p = 300 (corresponding to the horizontal dashed line in Fig. 1(d) ). In these diagrams, one can see the onset of bi-stability and its disappearance as the precipitation rate increases.
The bifurcation diagrams alone do not elucidate all the information provided by the models.
The dynamics is of relevance and importance to understanding the role of psammophilous plants in sand dune dynamics. We started exploring the dynamics predicted by the models by investigating the steady state reached from different initial conditions. In Fig. 6 , we show the steady states A common paradigm for the stabilization of sand dunes under high sand drift is that the psammophilous plants act as pioneers [28] . Due to their ability to flourish under significant sand drift, they are the first to colonize bare dunes. Their growth reduces the sand drift by wind shading Nevertheless, a comparison with observations of the bi-stability of sand dunes reported in [23, 24] indicates that model I fits the observations better than model II; model II exhibits only an active dune state for drift potential values that are larger than 700 (see Fig. 1 ), while stable dunes exist in nature for higher values of D p . Model II can to be tuned to fit these observations by increasing α max v or decreasing ǫ v . We do not present these results here, in order to use the same parameters in models I and II wherever possible. Another observation that is worth noting concerns the fraction of BSC cover. Both model I and II resulted in BSC cover that does not exceed 25%. Studies have reported almost complete BSC cover on sand dunes for small plots (order of meters) [e.g., The separation of the two growth mechanisms-by assuming optimal growth conditions under either (i) an optimal sand drift or (ii) an optimal wind drift potential-helps us to understand the effect of each of these mechanisms. Yet, a more realistic model should include a combination of these two mechanisms, resulting in, most probably, a richer dynamics and steady state map.
Observations regarding psammophilous plants may help to determine the role of each mechanism, which one is more favorable, and if a combination of the two is plausible.
For the parameters used here, model I predicts that the psammophilous plant cover can reach the critical value for sand-drift shading, while model II predicts that their fraction of cover is very small. According to both models, there are climate conditions under which the steady state picture is not affected by the presence of the psammophilous plant cover fraction as an additional dynamical variable in the model. For example, under a low wind drift potential and a high precipitation rate, regular vegetation is the dominant cover type, and the BSC and the psammophilous plants may be ignored. Under extremely dry conditions, p < 50mm/yr, and a low wind drift potential, the BSC will be the dominant cover type, and both regular vegetation and psammophilous plants may be ignored. Under an extremely high wind drift potential, the dunes will be fully active without any surface cover. Psammophilous plants may be the dominant cover type under a high enough precipitation rate (p > 50mm/yr) and a strong wind drift potential (the definition of strong depends on the model (I or II) and the parameters).
While some of the cover types can be ignored in the steady state, they can still greatly influence the dynamics leading to the observed steady state. We have demonstrated that starting from a bare dune state, psammophilous plants may be the first to grow, reducing the sand drift and thus enabling the growth of regular vegetation which eventually dominates and stabilizes the dunes [28] . This, however, is not always the case as our model predicts that under different climate conditions (wind drift potential), the regular vegetation and psammophilous plants grow equally at first, cooperating in reducing the sand drift, followed by a faster growth of the regular vegetation, which eventually dominates and stabilizes the dunes.
Our preliminary numerical results suggest the possibility of a Hopf bifurcation leading to oscillatory behavior of the different cover types. This behavior and its relevance to observations, as well as the incorporation of spatial effects in the model, as was done in [26] , are left for future research. In addition, we plan to use this model and its extensions to study the response of sand dunes to different scenarios of climate change.
